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This paper describes a second-order projection method for the incompressible Navier-Stokes equations on
multiply connected domains with a logically rectangular quadrilateral grid. The method uses a second-order
fractional step scheme in which one first solves diffusion-convection equations to determine intermediate veloci-
ties which are then projected onto the space of divergence-free vector fields. The spatial discretizations are
accomplished by formally transforming the equations to a computational space with a uniform grid. The diffu-
sion, pressure gradient, and divergence terms are discretized using standard finite difference approximations.
The convection terms are discretized using a second-order Godunov method that provides a robust discretization
of these terms at high Reynolds number. Numerical results are presented illustrating the performance of the

method.

I. Introduction
HIS paper describes a second-order projection method for the

time-dependent, incompressible Navier-Stokes equations

U,+(U-V)U=¢eAU-Vp )

V-U=0 )]
on a logically rectangular quadrilateral grid where £-! = Re is the
Reynolds number, U the velocity vector, and p the pressure. The
method is a generalization of a second-order projection method
first introduced by Bell et al.'? and subsequently developed by
Bell et al.? for the study of shear flows. The basic approach is a
second-order fractional step method, similar to a method intro-
duced by van Kan,* in which Eq. (1) is solved with the pressure
term lagged to determine an intermediate velocity field that does
not satisfy Eq. (2). This intermediate velocity field is then decom-
posed into solenoidal and gradient components which determine
the new velocity and an update for the pressure, respectively. The
method also incorporates second-order Godunov-type differencing
of the nonlinear terms in Eq. (1) that provides a robust, high-reso-
lution discretization at high Reynolds number.

In deriving the extension to quadrilateral grids we will formally
assume that the grid points are defined by a transformation @ from
a computational space E = (§, n)) to the physical space X = (x, y);
ie.,

X =0E)

When we transform the Navier-Stokes equations to the computa-
tional coordinate system we obtain

JU,+ [U-V.]U = eV [(1/NDTT'VU] -T'Vp  (3)

Vo U =0 )

m

Received April 21, 1993; revision received Feb. 10, 1994; accepted for
publication Feb. 22, 1994. This paper is declared a work of the U.S. Gov-
ernment and is not subject to copyright protection in the United States.

*Director, Center for Computational Sciences and Computing, P.O. Box
808.

+tMathematician, Information Sciences and Systems Branch, Code B44.
Member AIAA.

1961

where J = detVe®, U = TU, and

T=J[Va®]" = |70 T
Ve X

Here, Vz and Vz- denote the gradient and divergence operators in
computational space. The quadrilateral-grid algorithm is defined in
terms of the transformed equations (3) and (4). The metric coeffi-
cients introduced in the transformation are evaluated using appro-
priate differences of grid-point locations. These difference approx-
imations are chosen so that the method satisfies a freestream
preservation property that guarantees exact treatment of a uniform
flow independent of the grid variation. The algorithm is designed
to be second-order accurate for smooth flow provided the mapping
@ is smooth. The higher order Godunov treatment of the convec-
tive terms and freestream preservation ensure the robustness of the
algorithm for rough data and for nonsmooth grid variation. The al-
gorithm does not explicitly use the mapping ®; all that is actually
required are the locations of the grid points in physical space. Con-
sequently, any body conforming grid generation algorithm can be
used to generate the grids.

In the next section we describe the basic fractional-step ap-
proach used for the temporal discretization in the algorithm. In
Sec. ITI we discuss the spatial discretization of the diffusion-con-
vection equation (3) and in Sec. IV we describe a discrete algo-
rithm for approximating the projection. In the last section we
present computational results for flow in a channel with a constric-
tion and flow over a cylinder.

II. Temporal Discretization

In this section we describe the second-order fractional step for-
mulation used in the quadrilateral-mesh projection algorithm. This
formulation, which provides the basic temporal discretization, is
the same as that used by Bell et al.? Projection methods, originally
developed by Chorin,’ are fractional step methods based on the de-
composition of vector fields into a divergence-free component and
the gradient of a scalar field. More precisely, any vector field V can
be uniquely written as V = U, + V¢ where ¢ is a scalar and U, is di-
vergence free and satisfies specified boundary conditions. Further-
more, one can define an orthogonal projection P such that U, = PV
and V¢ = (I- P )V. (See Temam® for a more detailed discussion of
the projection.) For quadrilateral grids, the algorithm will be de-
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fined in terms of the computational space where the vector-field
decomposition becomes

V=U,+ Q)T Vs

where U, satisfies Eq. (4).
Using the projection we can rewrite the Navier-Stokes equations
(3) and (4) in the equivalent form

1
Ut = Pl:j,{sva .

Equation (5) describes the evolution of U in terms of a nonlinear
functional of U; the pressure has been eliminated from the system.
Thus, the pressure in Eqs. (3) and (4) represents the gradient com-
ponent of the vector field that is projected in Eq. (5); i.e.,

GTT’VEU) A UH )

-TV =p = (I-P) I:—{SVE (}TT’VEU)— (U-V] UH

For the basic temporal discretization, we assume that we are
given an approximation to U”. Furthermore, we assume that we
have already computed a second-order time-centered approxima-
tion to the nonlinear terms [(U Vo)U ]"H/2 (A Godunov-type
procedure for computing this approximation is described in the
next section.) A second-order discretization of Eq. (5) can be ob-
tained using a Crank-Nicholson approximation

n+1 n
U—ﬁU— —P[ { Ve TV (U + U"”)]}
—[(ﬁ-VEw]””“H ©)

However, the linear algebra problem associated with solving Eq.
(6) would be extremely costly because of the nonlocal behavior of
the projection.

As a less costly alternative, we construct a fractional step
method that approximates Eq. (6) to second-order accuracy. To ac-
complish this we will assume that we are also given an approxima-
tion to J7T*Vz p "1, We then compute an intermediate velocity
field U* using

CTT'VL (U U

n+1/2

—-[(U-V) U] ‘ @)

where U™ satisfies the same boundary conditions as U. The role of
the pressure gradient term in Eq. (7) is to approximate the effect of
the projection in Eq. (6). We now apply the projection to decom-
pose U” into divergence-free and gradient components to obtain
U™ *+! and an update for J7!T'Vg p

Urtl=py (8a)

J_thVEp“ V2 _ J—thVEpn—l/Z + A (I-P) U (8b)
Equations (7) and (8) represent the fractional step scheme that we
have used. The relationship between Eqgs. (7) and (8) and the
Crank-Nicholson scheme (6) can be seen by first observing that
Egs. (8) are equivalent to

Un+1—-Un _ P(U*_Un

At n-1/2
A7 A +J T'Vzp ) (9a)
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* n

U -U
At

1 n+1/2

J'T'Vp = (I—P)( +J‘1T’V5p”‘“2) (9b)

If we use Eq. (7) to replace

*

U -u
At

n-1/2

+J_1TIVEp

in Egs. (9) we obtain
n+1
-—U 1)e ~1 t n *
_A—t_ P[j{zvs- [J TTV_ (U +U )]
— n+172
~[(U-Vy) U] H

J‘thVEPrHI/Z =(I- P)[ {% V.. [J—ITTtVE(Un+U*)]

—[(U v )U]n+1/2}i|

from which we can see that Eq. (82) corresponds to Eq. (6) with
U™ * 1 approximated by U” on the right-hand side and that J 1TV
"+ 17 represents the gradient component of the vector field being
projected.

We note that since Vzp~? is not available, some procedure is
required to initialize the fractional step algorithm. We have chosen
to simply iterate Eqs. (7) and (8) (with Vzp = 0 initially) on the
fir/szt step to compute converged approximations to U and J 1TV

The inclusion of the J-'T*Vzp" =12 in Eq. (7) makes the algo-
rithm second-order accurate in time. The reader is referred to Bell
et al.! for a more detailed discussion of the convergence behavior
of the fractional step scheme. There are several alternative formu-
lations that also give second-order temporal accuracy. Van Kan*
proposes a similar scheme in which the pressures are not staggered
in time. Kim and Moin’ achieve second-order accuracy by modify-
ing the boundary conditions satisfied by U".

Before describing the spatial discretizations used in the algo-
rithm we will summarize the basic approach. First we solve the
diffusion-convection equations (7). This is a two -step process in
which we first approximate [(U-VZ)U 1"t 2 using a second-
order Godunov procedure. Then, we solve the two parabolic equa-
tions represented by Eq. (7) with the nonlinear term treated as a
source term. In the second step of the algorithm, we apply the pro-
jection to update U and J~'T*Vzp. In Sec. IV we discuss the spa-
tial discretization of the diffusion-convection equations that forms
the first step of the algorithm. In the following section we describe
the approximation of the projection.

ITII. Spatial Discretization

The spatial discretization is based on the staggered grid system
depicted in Fig. 1. On this grid, vector quantities (U and Vp) are
defined at the grid points, denoted by O in the figure, and scalar
quantities (V- U and p) are defined at the cell centers, denoted by X
in the figure. The transformation @ is viewed as being defined so
that the grid in computational space is composed of unit squares;
X;; = ®(, j). (Thus, the grid in computational space has Ag =
An =1 so that difference approximations are undivided.) The cell
centers X; y 1p,j4 10 = (1AXy+X; 11, j+ X ;11 + X415+ 1) form
a dual grid that associates a cell with each of the original grid
points. Differences of the dual grid-point locations are used to de-

fine metric coefficients on the primary grid, namely,

Xe)y= UK, 1, j+ 12+ Xis 12, joiXKi -1, j+ 12~ Xic1 2, j-12)
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Fig.1 Staggered grid structure.

with an analogous formula for (X, )U ‘We note that with this partic-
ular choice of difference approximations for the metric coeffi-
cients, a uniform velocity field will remain divergence free on any
grid (see, e.g., Ref. 8).

As noted, there are two distinct components of the spatial ap-
proximation of Eq. (7): discretization of the Laplacian used to
model the diffusion terms and the second-order Godunov proce-
dure that is used to compute [(U VU 1"t '/2 The discretization
of the Laplacian is done using standard, finite difference approxi-
mations. The Laplacian in computational coordinates, namely,
Vs (J7TTTVZU), has the form

(U + (BUY , + (BUp . + (YU, (10)

where

~1, 2 2 -1
o = J (xn+y'r|): B =~J (xny§+x§yr|)

Y =T +yp)

Each term in Eq. (10) is discretized using standard second-order
differences with coefficients computed by averaging metric coeffi-
cients at grid points. The linear system associated with the para-
bolic equations (7) using Eq. (10) for the diffusion discretization is
solved using diagonal scaling as a preconditioner for conjugate
gradient iteration.

The algorithm for computing [( U-V. 2 U] is based on the
unsplit, second-order upwind methods first proposed by Colella’
and by van Leer.!° Unlike standard upwind differencing methods,
these types of schemes couple the spatial and temporal discretiza-
tion by propagating information along characteristics. This ap-
proach leads to a robust higher order discretization with excellent
phase-error properties. The scheme described here is a cell-cen-
tered predictor-corrector scheme. We use the cells defined by the
dual grid for the discretization. In the predictor step of the algo-
rithm, we extrapolate U along characteristics to obtain values at
the cell edges at #* * 2. In the corrector step, we compute upwind
fluxes for the velocities which are then differenced to obtain a
time-centered approximation to (U -V )U .

n+1/2 .

Predictor

In the predictor we extrapolate along characteristics using solu-
tion values at £ to predict values of U on cell edges at time * *+ 2,
The basis for the extrapolation is Taylor series. To second-order
accuracy

n A Af
Uil = Ug U, (11a)

t, i

n+1/2,R 1 At n
Ui—1/2,j = Uu 2U§ 2Ut’ij (11b)

n+1/2,B n 1. At n
Uijsin = Uz’j"'jUn,ij"'—z"Ut,ij (11c)

n+1/2,T _ ,m 1,on At n
Ui,j—l/2 - Uz‘j_iUn,ij E'Ut,ij (11d)

The first two quantities denote the extrapolation of U to the left
side of edge i + 1/2, j and to the right side of edge i — 1/2, j, respec-
tively. The last two are the extrapolation of U to the bottom side of
edge i, j + 1/2 and the top side of edge i, j — 1/2. We now use the
differential equations (3) to express the time derivatives in terms
of spatial derivatives with the pressure gradient lagged to time
12 This gives, for Eq. (11a)

n+1/2,L 1 At_n At _n n
Uz+1/2, = U +s L|:2 27 lJ:I Ui EjvijUﬂvij
At | p— n t n-1/2
+2—J[£V (jTT VEU) ~T'Vp } (12)

where s; is 1 if ﬁ?j >0 and O otherwise. Analogous formulas are
used for Eqgs. (11b—11d). In Eq. (12), the derivative normal to the
edge Ug is evaluated using central differences with monotonicity
constraints which we denote by (AgU);;. The transverse derivative
is evaluated using an upwind difference approximation. More pre-
cisely, if v, 2 0,

v,
S A, - 4,0, ]

ij-1

1
Un, ij = Uij+ l_Uij_ |:§

Tl a0y, - (A0,

ij+1

where AU denotes a monotonized central difference approxima-
tion in the N direction with all quantities evaluated at .

Corrector

In the corrector step we compute zUy + VU, from the predicted
values defined by Eq. (12). (For the remainder of this section we
suppress 7 + 1/2 superscripts.) The form of the corrector is moti-
vated by a physical space mterpretatlon of the matrlx T used to de-
fine U. For example, consider # = (y,, —x ) -U atedgei+1/2,
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J I welet (Xo)i v 1, = Xi w12, j + 12— K&+ 1p, j-172. We See that
(Xn)i + 112, ; is tangent to the edge with magnitude equal to the
length of the edge. Consequently, %+ 1,2, jUi+1/2, ; represents the
flux of U through edge i + 1/2, j. This suggests the following finite
volume type differencing for the corrector:

(BU, +9U,) = (/D Wiw1r2,+ By YUis12,5-U;_1p3)
+(1/2) (0 a1t Vo2 Wiy =Us 1) (13)

where # and v are the appropriately scaled normal velocities at &
= const and 1 = const edges, respectively.

Before evaluating the flux we must first resolve the ambiguities
in edge values introduced by Eq. (12). In particular, the character-
istic extrapolation has defined double values of U for each edge cor-
responding to expansions from either side of the interface. We will
restrict the discussion to the computation of #; 41,2, ; and U; 41,2,
for edge i + 1/2, j from the left and right states Uss1/2,; and
Uiz, ;- If we transform the Navier-Stokes equations to a local
Cartesian coordinate system defined by the edge and its normal, we
see that & satisfies

7]

,+am, = R (14)

where 7 is the direction normal to the edge. Here, R represents the
diffusion term, the pressure gradient, and the transverse flux. Thus,
 satisfies the quasilinear form of Burgers’ equation with forcing
terms in the direction normal to the edge. This suggests upwinding
i based on the Riemann problem for Burgers’ equations, namely,
- ifa" 20, @i+t
0 ifa"<0, @ >
_R .

. otherwise

o

Uivi1s2,j =

(We suppress the i + 1/2, j spatial indices on left and right states
here and for the remainder of the discussion.) We now upwind U
based on #,

L

U 1f17i+1/2,j>0

UR

(172) (U"+ U

Ui+1/2,j = lfui+1/2,j<0

f8;,,,;=0

Note that the form of the differencing in Eq. (13) requires a value
for U,,,,, ;evenin “sonic” cases in which 7, ,

The Godunov method is an explicit difference scheme and, as
such, requires a time-step restriction. A linear, constant-coefficient
analysis shows that we must require

(uijm VijAt)<l )
XTI )T

2 )

for stability. The time-step restriction of the Godunov method is
used to set the time step for the overall algorithm.

IV. Discretization of the Projection
In this section a numerical procedure is described for decompos-
ing a discrete vector field into its divergence-free and gradient
components. Discrete vector decompositions of this type typically
require that the difference schemes used to approximate the diver-
gence and gradient yield skew adjoint operators over appropriate
finite dimensional inner product spaces of discrete scalar and vec-
tor fields. This is analogous to the situation in the continuous case
when the vector and scalar fields have square integrable first-order
partial derivatives and satisfy specific conditions on the boundary
of the domain. The discrete divergence and gradient operators used
here are similar to those considered by Stephens et. al.'! In the de-
composition of Ref. 11, the divergence-free velocity component is
determined directly by a Galerkin procedure using a local basis for

the subspace of discretely divergence-free vector fields.

j+1/2f0ri=0,.. .

An alternative procedure is to compute the gradient component
directly. This approach has been used, for example, by van Kan,*
Chorin,’ and Kim and Moin’ in connection with other divergence-
gradient operator pairs. For the present divergence-gradient opera-
tor pair, the Galerkin procedure for the divergence-free component
often resuits in a slightly smaller matrix inversion problem than
that for the direct computation of the gradient component. How-
ever, the matrix for the Galerkin procedure is more complex when
multiply connected domains are considered due to the appearance
of nonlocal basis elements for the divergence-free subspace. For
this reason, the decomposition used here will be via the direct de-
termination of the gradient component. An alternative Galerkin
projection algorithm applicable in the present context for simply
connected domains is given in Ref. 12.

The discrete divergence is defined on the dual grid system of
Fig. 1 by transforming to computational space and using conven-
tional difference approximations. Thus, V- U=DU=J" DU
where D is a centered approximation to Vz- defined by

(DUl is1r2je12= (WD W By o1 =Ty 100) + (B~ B)]

+ (v Vi)t (Vi je1— )] (16)

i+, j+17

Recall that Uj; = Tl.jU G where the matrices T;; are evaluated
using the finite difference approximations described in the preced-
ing section. These difference approximations were chosen to en-
sure that a uniform vector field U, will satisfy DU, = 0, regardless
of the grid being used.

We now define a discrete gradient operator that is numerically
consistent with the pressure gradient term in Eq. (3) and is skew
adjoint to D. Consider a domain covered by the staggered grid sys-
tem with the indices i =0, i = N, j = 0, and j = M corresponding to
the outer boundaries of the domain in physical space. The inner
boundary y (when present) is represented by the union of disjoint
closed curves each of which corresponds in the Z space to an inter-
nal branch slit lying on a segment of a primary grid line. For the
present applications, we assume that each subcurve of the inner
boundary represents a stationary impermeable body and, thus, the
discrete velocity field satisfies Uy = 0 when X;; € . Under this
condition, D satisfies the summation-by-parts identity

N-1M-1 N M

> N (@) licinjern = -y, 3 Uy (GENT; (A7)
i=0 j=0 i=0j=0

where

(Gq))'l — ¢1+1/2 j+1/27 ¢t 1/2, ]+1/2+¢1+1/2] 172 q)z 1/2,j-1/2

i+1/2,j+1/2 ¢i+1/2,j—1/2+¢i—1/2,j+1/2 ¢i—1/2,j—1/2

and £0 is the extension of ¢ by zero [ie., (EQ);, 1p, ;412 = Oiv 122,
,N=1;j=0,...,M~1; and E$ = 0 elsewhere].
Note that the operator G is a centered difference approximation to
V= at nodes not on the boundaries. The identity equation (17) and
the definition of D imply that

N-1M-1
z Z‘Ii+1/2,j+1/2[(DU)¢]i+1/2,j+1/2
i=0j=0
—2 2 - [T'G(E®)]; (18)

i=0j=0

Note that the values of the metric coefficients on the inner bound-
ary Yy do not appear in Eq. (18) since they are multiplied by zero.
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The discrete gradient G, defined by

1 = .
T; Tfj[G(Eq))]ij if X;ev

19
0 if X, ey 1

(GY) ;= {

represents a centered difference approximation to J_lT[VEq) at
nodes not on the boundaries. Furthermore, it follows from Egs.
(18) and (19) that G and D are skew adjoint with respect to the
spaces and inner products defined as follows. Let V denote the
space of discrete vectors

{Uij:i=0,...,N; j=0,...,M; Uij=0 when Xijey}

and W the space of discrete scalars

{¢i+1,2’j+1/2: i=0,...,.N-1; j=0,...,.M-1}

with inner products

N-1M-1

(9, 0)y = 2 Z Tiv1m, je129172, j41729 0 12, 5412

i=0j=0

and

N M
CAEWRACIRD)

i=0j=0

on W and V, respectively. Then,

(DU, ¢}y = —(U,Go)y 20

forallUe VandpeW.

The specific form of the discrete decomposition depends on the
conditions imposed at the outer boundary for the problem under
consideration. In this paper, we consider a class of problems for
which the velocity is specified on a portion of the outer boundary
I'p, whereas the remainder of this boundary represents an outflow
condition. For simply connected domains, discrete Galerkin pro-
jections for problems of this type with the outflow modeled using
homogeneous Neumann conditions on the velocity have been con-
sidered by Solomon and Szymczak.'? In the formulation of Ref. 13
the specified Dirichlet data must satisfy compatibility conditions
associated with the discrete divergence condition. The present
treatment of the outflow boundary differs from that of Ref. 13 in
that no conditions are explicitly imposed on the velocity at an out-
let and there are no compatibility conditions on the specified data.
The present treatment is analogous to imposing “natural” bound-
ary conditions in a variational form for the projection.

The problem can be reduced to one with homogeneous data on
I'p by subtracting a boundary mesh vector Vp €V satisfying the
specified Dirichlet data on I'p and DV = 0. A procedure for com-
puting such boundary mesh vectors is described in Refs. 11 and
13, although this explicit construction is not necessary in the
present formulation. Since the intermediate velocity U™ satisfies
the Dirichlet conditions, it follows that

U-V,eV’={VeVV=0 on T,}

To obtain an orthogonal decomposition of V°, we apply Eq. (20) to
V eV%and ¢ € W to obtain

—(V, G’y

(DV, 9y = @n
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where G is defined to be zero on I'p, and given by Eq. (19), else-
where. Therefore, we have the direct sum decomposition of V0 =
D + G where D =ker D nV° and G = range G°, Tt follows that for
U e V and satisfying the Dirichlet conditions on I'p,

U-V, = U,+G (22)
where U, €D and ¢ € W. Note that the boundary mesh vector Vy is
not unique, however, the sum Vp + U, is uniquely determined re-
gardless of the choice of V. Therefore, we can write PU =V + Uy,
=U-G%.

To determine the G% component, we note that ¢ € W is given by

N-1M-1

_ i+1/2,j+1/2
¢ = Z 2¢i+1/2,j+l/2q)

i=0 j=0

where {@*+ V2 1+ 12eW: =0, ..., N-1;1=0, ..., M—1} is the
local basis for W defined by ®;.,/,;11/, = 8 8; (8; is the Kro-
necker delta). It follows from Eq. (22) that ¢ satisfies DG% = DU
which, by Eqgs. (20) and (21), is equivalent to the following sym-
metric linear system for the coefficients ¢;, 15, j + 12*

N-1M-1 .

0L i+1/2,j+1/2 o k+1/2,1+1/2
Z 2¢i+1/2,j+1,2(Gd> , GO v
i=0 j=0

k+1/2,1+1/2

= (U,G® v (23)
where k=0, ..., N-1,/=0, ..., M—1. The linear system (23) has an
algebraic structure of the type associated with a nine point discret-
ization of the transformed Laplacian. In our computations, this
system is solved using a preconditioned conjugate gradient algo-
rithm with a modified incomplete lower-upper preconditioner with
zero fill [MILU(0)], see e.g., Ref. 14. This procedure comprises
the bulk of the computational work of the algorithm.

V. Numerical Results

In this section we present computational results illustrating the
performance of the method. The first example is flow over a cylin-
der at Re = 140. Uniform horizontal flow conditions (u =1, v =0)
were specified along the top, bottom, and left boundaries corre-
sponding to a cylinder pulled through a quiescent fluid in a chan-
nel. The fluid is viewed in the frame of reference moving with the
cylinder. The initial conditions are u = 1, v = 0 at all points except
those on the cylinder (where u = v = 0 for all time), corresponding
to an impulsively started cylinder. A small vortex was included in
the initial data upstream of the cylinder to facilitate the rapid ini-
tialization of the shedding process. A section of the channel 32 cyl-
inder diameters long and 16 diameters wide was discretized with a
600 x 300 grid using a biharmonic grid generation algorithm.'> No
clustering terms were used so the grid is essentially uniformly dis-
tributed. Figure 2 displays contours of vorticity and concentration
of a scalar quantity (“dye”) which is passively advected by the ve-
locity field. This scalar quantity was initially set to zero at all
points except those on or adjacent to the cylinder, where it was
maintained at a constant (boundary) value of one, corresponding to
dye being injected into the flowfield from the cylinder wall. One
cycle of periodic vortex shedding is displayed in this figure, which
is in good qualitative agreement with the photographs of experi-
mental results displayed, e.g., in Ref. 16.

A time history of the v-velocity component at points 1 diameter
above the centerline, and 5 and 10 cylinder diameters downstream
from the cylinder is shown in Fig. 3. The Strouhal number for this
computation is 0.186 compared to the value of 0.180 determined
through the careful measurements of Williamson.!” Additional
computations suggest that the Strouhal number is strongly depen-
dent on the width of the channel, and we believe the relatively nar-
row channel used for this example accounts for the discrepancy. A
more thorough study of computing Strouhal numbers, including
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vorticity
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Fig.2 One cycle of periodic vortex shedding behind a circular cylinder at Re = 140.
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Fig. 3 Time history of v-velocity components for the flow depicted in
Fig. 2; velocities were computed along the centerline at distances of 5
and 10 cylinder diameters downstream from the cylinder.
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Fig.4 Steady flow in a constricted channel at Re = 50.

the dependence on the grid size and locations of the boundaries,
will appear in a forthcoming paper.

Our second example is flow in a channel with a constriction.
The constriction is given by a smooth Gaussian profile which, at
its maximum extent, reduces the width of the channel by a factor
of 2. A coarse 200 x 25 and a fine 400 x 50 grid were generated
using the same biharmonic grid generation algorithm (appropri-
ately modified) as in the preceding example. Once again, no clus-
tering terms were used so the grids are essentially uniformly dis-
tributed. Boundary conditions for parabolic inflow and no slip
walls were imposed. The flow was initialized by the parabolic in-
flow profile along constant & lines in the computational space.
Computations were performed for Re = 50, 500, and 5000, where
Re is based on the maximum inlet velocity and the channel width.

For Re = 50 the steady-state solution (attained after 2000 time
steps on the fine grid) is shown in Fig. 4, which shows a small re-
circulation region behind the constriction. (For these problems the
dye is injected at grid points adjacent to the channel walls.) Figure
5 shows the steady-state solution obtained on the fine grid for Re =
500 flow. The recirculation region behind the bump extends a dis-
tance 4.74 (9.48 bump heights). On the coarse grid this region ex-
tended a distance of 4.68 (9.36 bump heights). A second recircula-
tion region also exists (with each grid) along the top of the channel
and extends out of the domain. Similar phenomena were reported
by Armaly et al.'® for the backward facing step at a comparable
Reynolds number. Figure 6 shows the time histories of the u-ve-
locity component at a point in the center of the channel a distance
of four bump heights behind the bump. This figure clearly indi-
cates convergence to a steady state, however, the number of time

steps required to be within some small tolerance of the asymptotic
value is about 10 times as many as was needed for the Re = 50
case.

Contours of the dye in the fluid are displayed in Fig. 7 for the
fine grid solution at Re = 5000. This Reynolds number is well into
the turbulent regime, and the resulting flow is quite complex. The
dominant features of the flow are the large vortices being alter-
nately shed from the top and bottom walls. A number of smaller
secondary structures are also apparent. The flow directly behind
the constriction is particularly complex, involving a number of

streamfunction

b— \

Mﬂ_‘
—~

dye

Fig. 5 Steady flow in a constricted channel at Re = 500.
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Fig. 6 Time history of a u-velocity component for the flow depicted in

Fig. 5; velocity was computed in the center of the channel at a distance
of four bump heights downstream from the bump.

Fig. 7 Time sequence of dye contours for flow in a constricted chan-
nel at Re = 5000.
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Fig. 8 Time history of a u-velocity component for the coarse (200 x
25) grid solution in a constricted channel at Re = 5000; velocity was
measured at the same point as in Fig. 6.
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Fig.9 Comparison of the time histories of a u-velocity component for
perturbed and unperturbed flow in a constricted channel; perturba-
tion was a 1% increase in the u-component of velocity at one point
above the bump at time £ = 86.6.

counter-rotating vortices that participate in the shedding cycle. We
remark that despite cell Reynolds numbers exceeding 100, spuri-
ous numerical oscillations do not appear upstream of the bump.
These oscillations could be expected for centered difference dis-
cretizations (cf., Ref. 19).

To study the long-time behavior of this problem we returned to
the coarse grid where the dominant features of the vortex shedding
persisted. Figure 8 shows the time history of the u-velocity compo-
nent (at the same location as in Fig. 6). This history corresponded
to 12,000 time steps at a Courant number of 0.5. No asymptotic or
periodic behavior is evident from these results. The stability of the
flowfield was examined numerically by restarting the computa-
tions at time step 8000 (¢ = 86.6) with a 1% perturbation of the u-
velocity component at a point above the bump in the center of the

perturbed t=105<99

unperturbed

1=105.9

Fig. 10 Comparison of dye contours for the unperturbed and per-
turbed flowfields in the constricted channel at Re = 5000 (coarse grid
solutions).

channel. A comparison of the time histories of the perturbed and
unperturbed problems is shown in Fig. 9. At about ¢ = 110 the his-
tories rapidly diverge from each other. Figure 10 compares the cor-
responding dye plots of the perturbed and unperturbed flowfields
at several times. This observed sensitivity to small perturbations of
the initial data is indicative of chaotic behavior. The absence of nu-
merical oscillations (on the order of the grid size) in the vicinity of
the bump suggests that this long-time behavior is not due to “nu-
merical turbulence” (see, e.g., Ref. 20). However, a more detailed
study of this phenomena will appear elsewhere.

Assessing the computational efficiency of the algorithm re-
quires some caution. The dominant cost in the algorithm is the so-
lution of the linear system associated with the projection. This sys-
tem is solved iteratively, and the performance of the iterative
method depends on a number of factors including the problem
size, the complexity of the flow, the boundary conditions, and the
level of distortion of the grid. For the constricted channel problem
described the method required approximately 25 [us per zone on a
Cray X-MP using one processor. This figure is based on the time
spent in the main integration loop during the first 20 time steps at
Reynolds number 500 and does not include initialization, grid gen-
eration, and other start-up costs. This particular case is ideally
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suited to the method and typical timings are likely to be somewhat
higher.

VI. Conclusions

In this paper we have described a numerical method for solving
the incompressible Navier-Stokes equations on a logically rectan-
gular quadrilateral grid. The method uses a second-order projec-
tion formulation and incorporates a Godunov-type discretization
of the convective terms that is second-order accurate for smooth
flow and is sufficiently robust to treat strongly sheared flows with-
out loss of stability or oscillations independent of Reynolds num-
ber. The projection procedure described in this paper is suitable for
multiply connected domains and is readily extendible for three-di-
mensional problems.
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